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Abstract. Let Z(TV) be the set of zero divisor elements of a commutative 
unitary ring R and Ai be the space of minimal prime ideals of R with Zariski 
topology. An ideal / of R is called strongly dense ideal or briefly sd-ideal 
if I C Z(JV) and is contained in no minimal prime ideal. We denote by 
Rk (Ai), the set of all a £ R for which D(a) = Ai \ V(a) is compact. We 
show that R has property (A) and Ai is compact if and only if R has no 
sd-ideal. It is proved that Rx(Ai) is an essential ideal (sd-ideal, respectively) 
if and only if Ai is an almost locally compact (At is a locally compact non- 
compact, respectively) space. The infinite intersection of essential minimal 
prime ideals in any ring need not be an essential ideal. We find equivalent 
condition for which any (any countable, respectively) intersection of essential 
minimal prime ideals of a reduced ring R is an essential ideal. Also it is proved 
that any intersection of essential minimal prime ideals of C(X) is an essential 
ideal if and only if the set of isolated points of X is dense in X. Finally, 
we characterize the topological space X for which the intersection of essential 
minimal prime ideals of C(X) is equal to the known ideal Cf(X) (Ck(X), 
respectively) . 



1. Introduction 

In this paper, R assumed to be a commutative ring with unitary, 
and Ai is the space of minimal prime ideals of R with Zariski topology, 
i.e, the set {D(a) = m \ V(a) : a £ R} is a base for open sets in this 
topology, (see [8]). Note that D(a) is the closure points of D(a) in Ai. 
The intersection of minimal prime ideals containing a is denoted by P a ■ 
An ideal / of R is called z°-ideal, if Pb C P a and a £ /, then b £ I. (See 
[2] and [5]). For any subset S of a ring R, ann(S') = {a G R : aS = 0}. 

We denote by C(X) the ring of real- valued, continuous functions on 
a completely regular space X. f3X is the stone-Cech compactification of 
X and for any p £ (3X, O p (respectively, M p ) is the set by all / £ C(X) 
for which p £ intpxdpxZ{f) (respectively, p £ clpxZ(f)). O p is the 
intersection of all minimal prime ideals contained in M p . The reader 
is referred to [7] for undefined terms and notations. 

A non-zero ideal in a commutative ring is said to be essential if it 
intersects every non-zero ideal non-trivially, and the intersection of all 
essential ideals, or the sum of all minimal ideals, is called the socle (see 
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[12]). We denote the socle of C(X) by Cf(X); it is characterized in 
[11] as the set of all functions which vanish everywhere except on a 
finite number of points of X. 

The known ideal Ck(X) in C(X), is the set of functions with com- 
pact support, and the generalization of this ideal are defined in [14]. 
We denote by R K (M), all of a G R for which D(a) is compact as a 
subspace of M. This ideal is similar to Ck(X), but in case R = C(X), 
we do not prove the equality of these ideals. An ideal I of R is said 
to be fd- ideal if ann(F) C ann(a;), for some finite subset F of I and 
a e R, then a G /. We see that Rk(M) is contained in the intersection 
of all strongly dense /<i-ideals in R. 

2. R K (M) and Strongly dense ideals 

Definition 2.1. Let R be a commutative ring with unitary and D(a) is 
the set of prime ideals which are not contains a. We define the family 
Rk{M) to be the set of all a G it! for which D(a) is compact (as a 
subspace of M). 

Lemma 2.1. (i). R K (M) is a z° '-ideal in R. 

(ii). Rk{M) = R if and only if M. is compact. 

(Hi). Rk(M) = if and only if M. is nowhere compact (the interior 
of every compact is empty). 

Proof. (%). For a,b e R K (M) , we h av e D(a + b) C D(a) U D(b), 
and if a e R, b G R K (M), then D(ab) C D(b), therefore R K (M) is 
an ide al of R. Now let P b C P a and a e R K (M). Then \/(a) C 
hence D(b) C D(a) so is compact, i.e, 6 e Rr(M). 

(ii). By definition, evident. 

(m). Let il^ be compact subset of Ai and P G int(K). Then there 
is a non-zero element / G i? such that P G -D(/) ^ int(K), so / G 
Rk(M) = 0, i.e, .D(/) = 0, which is a contradiction. Now let / G 
i?K-(.M). Then is contained in the interior of D(f) so D(f) = 0, 

i.e,/ = 0. □ 

Definition 2.2. An ideal I of R is called strongly dense ideal or 
briefly srf-ideal if I C Z(1Z) and is contained in no minimal prime 
ideal (V(I) = 0). 

Every non-minimal prime ideal contained in Z(1Z) is an sd-ideal. 

Remark 2.1. Every sd-ideal in a reduced ring R is a dense ideal (es- 
sential ideal), but there is dense ideal which is not sd-ideal. For let 
I be a sd-ideal and g G ann(I). Then gf — for each f G I there- 
fore we have, {\ }eI V(gf) = M, hence V(g) U (C\ feI V(f)) = M, i.e, 
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V(g) = Ai thus g = 0. Now let x be a non-isolated point in compact 
space X . Then by [4, 3.2], the ideal O x is an essential ideal so by [4, 
Theorem, 3.1], ann(O x ) = ; but this ideal is not sd-ideal. Because 
there is a minimal prime ideal in C(X) contains O x , i.e, V(O x ) ^ <p. 

We denote by I z , the intersection of all ^-ideals contains /. An ideal I 
of R is called rez-ideal if there is an ideal J which I (£ J and I Z V\J C I. 
For more see [2] and [5]. 

Proposition 2.1. For every ideal I in a reduced ring R, I (VI) is a 
sd-ideal or I is a rez-ideal or I is a dense ideal which is not sd-ideal. 

Proof. Let / be neither s<i-ideal nor rez-ideal, then there is P G Ai 
such that I C P and by [2, Corollary 2.8], ann(I) = so I is a dense 
ideal which is not strongly dense ideal. □ 

Lemma 2.2. Let R be a reduced ring. 

(i) . nr=i v (fi) = $ and ° ni v */ nr=i a nn ( f i) = o. 

(ii) . If F is a finite subset of R, then V(F) = M\ V(ann(F)). 
(Hi). If I C Z(1Z) is a finitely generated ideal, then I is an sd-ideal 

if and only if I is a dense ideal. 

(iv) . If R has a finite minimal prime ideal, then R has no sd-ideal. 

Proof. Trivial. □ 

A ring R has property (A) (respectively, property (a.c.)), if for any 
finitely generated ideal I C Z(1Z), ann(I) ^ (respectively, for any 
finitely generated ideal I of R there is c G R such that ann(I) = ann(c)). 
In the following theorem we see a class of reduced rings which have no 
sd-ideal. 

Theorem 2.1. Let R ba a reduced rings with total quotient T(R). The 
following conditions are equivalent. 

(i) . T(R) is a von Neumann regular ring. 

(ii) . R satisfies property (A) and M. is compact 
(Hi). R has no sd-ideal. 

(iv). R satisfies property (a.c) and Ai is compact. 

Proof. The equivalence of (i), (ii), (iv), is proved in [10, Theorem 
4.5], now we prove the equivalence of (ii), (Hi). Let / be a s<i-ideal. 
Then f]f eI V(f) = <fi. Hence M. = [Jf & j D(f), compactness of M. 
implies that there are fi,...,f n G / such that f)™ =1 V(fi) = <fi, so by 
Lemma [2T2l we have HlLi ann(fi) = ann(F) = 0. This is a contradiction, 
for R has property (A) and F C Z(1Z). Conversely, suppose that 
/ C Z(1Z) is a finitely generated ideal and ann(I) = 0. Then by 
Lemma [2T2l J is a sd-ideal, this is a contradiction by hypothesis, i.e, R 



4 



A. TAHERIFAR 



has property (A). Let M. = U/es-^KZ) where S is a proper subset of 
R. If (S) C Z(7Z), then D/e(S) ^(/) = i m phes that (S) is a sd-ideal, 
a contradiction. Hence (S) % Z(TZ), i.e, there are F = {/i, /„} C 5 
such that ann(F) = so by Lemma E2J V(F) = fX=i V{f-) = M \ 

y(ann(F)) = 0,i.e,M = U^i^(/i)- □ 
Henriksen and Woods have introduced cozero complemented space 

(if, for every Cozeros-set V of X, there is a disjoint Cozero-set V of 

X such that V U V is dense in X). (see [9]). In [8], they have proved 

the space of minimal prime ideals of C(X) is compact if and only if X 

is a Cozero complemented space. Now by Theorem 12.11 we have the 

following corollary. 

Corollary 2.1. C(X) has no sd-ideal if and only if X is a Cozero 
complemented space. 

A ring R has property (c.a.c), if for any countably generated ideal / 
of R, there exists c G R such that ann(I) = ann(c). If R is a ring with 
property (c.a.c), then by [8, Theorem, 4.9] M. is countably compact. 
But in a ring with property (A) this need not be true. 

Proposition 2.2. Let Rba a reduced ring. R satisfies property (A) and 
M. is countably compact if and only if R has no countably generated 
sd-ideal. 

Proof. The proof is similar to the proof of the above theorem. □ 
Recall that an ideal I of R is called /d-ideal, if for each finite subset 

F of I and x G R, ann(F) C ann(x) implies that x G /. For more see 

[13]. 

Proposition 2.3. (i). Rk{M) is contained in the intersection of all 
strongly dense fd-ideals in R. 

(ii). Rk(M) is a sd-ideal if and only if M. is a locally compact 
non-compact space. 

Proof, {i). Let J be a strongly dense /d-ideal, / G Rk{M) and 
P G D(f). Then there is g G I such that P G D(g), so D(f) C 
\J geI D(g). But D(f) is compact so there are gi,...,g n G / such that 

dU) c ur=i^(ft) hence v (f) 2 nr=i^(^) = n^i>->u)- This 

implies that annF C ann(f), where F = {^i, g n } C J. But J is a 
/d-ideal so / G /. 

(m). Let P e M. By definition, there is / G Rk{M) such that 
P G D(f) C -D(/) so P has a compact neighborhoods, i.e, is a 
locally compact space. On the other hand, Al is not compact, since 
if A4 is compact, then by Lemma 12.11 Rk(A4) = R, which is a con- 
tradiction. Conversely, First, we see that Rk(M) Q Z(R). Because, 
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if / G Rk{M) and ann(f) = 0, then D(f) = M. is compact, which is 
a contrary, by hypothesis. Now for every P G M. there is a com- 
pact neighborhoods K of P in M.. So there is / G R such that 
P G £>(/) C intK" C X, i.e, / G R K (M), hence ifo(.M) is an sd- 
ideal. □ 
A Hausdorff space X is said to be an almost locally compact space 
if every non-empty open set of X contains a non-empty open set with 
compact closure. See [3]. The next result is a topological characteriza- 
tion of Rk(-M) as an essential ideal. 

Theorem 2.2. Let R be a reduced ring. Rk{M) is an essential ideal 
if and only if M. is an almost locally compact space. 

Proof. Let U be an open subset of Ai. There exist a non-zero 
element / G R such that D(f) C U. It is enough to prove that D(f) 
contains D{g) for some g G Rk{M)- If D(f) fl D(g) = for each 
g G R K (M), then D(fg) = 0, so fg = 0, i.e, R K {M) H (/) = 0, this is 
a contradiction by essentiality of Rk{M). Hence there is g G Rk{M) 
such that D(fg) = D(f) n £>(^) ^ 0, but D(fg) C £)(/), i.e, C/ 
contains an open subset for which the closure is compact. Conversely, 
Let / be a non-zero element in R. Then D(f) 7^ is an open subset in 
X. By hypothesis there is an open subset V C -D(/) such that is 
compact, so there is a non-zero element g G R such that -D(<?) C V C 
£)(/), i.e, ^ G iMM). Now = D(f)nD(g) = D{g) ^ 0, hence 

fg 7^ is an element of Rk{M) fl (/), i.e, i?^(A4) is an essential ideal. 
□ 



3. Intersection of essential minimal prime ideals 

The intersection of essential minimal prime ideals of a reduced ring R 
need not be an essential ideal. Even a countable intersection of essential 
minimal prime ideals need not be an essential ideal. For example, the 
ideal O r for any rational < r < 1 is an essential ideal in C(R), which 
is the intersection of minimal prime ideals. Now for any < r < 1 let 
P r be a minimal prime ideal contains O r , then any P r is an essential 
ideal, but by [4, Theorem, 3.1], the ideal I = f]P r is not an essential 
ideal, for Pl-^l/] = [0, 1] and int[0, 1] 7^ 0. In this section we give 
a topological characterization of the intersection of essential minimal 
prime ideals of a reduced ring R which is an essential ideal. Before that 
we need the following lemmas which their proof are easy. 

Lemma 3.1. Let R be a reduced ring. An ideal I of R is an essential 
ideal if and only if intV(I) = (ann(I) = 0). 
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Lemma 3.2. The intersection of essential minimal prime ideals in a 
reduced ring R is equal to 0(m\i(m)) = {a £ R : {M. C V(a)}, 

where I{M) is the set of isolated points of Ai . 

Proposition 3.1. Let R be a reduced ring. Every intersection of es- 
sential minimal prime ideals is an essential ideal if and only if the set 
of isolated points of Ai is dense in A4. 

Proof. 0( m \/(A4)) is an essential ideal, so by Lemma |2T2| intV(0( m \i(M)) — 
(f). On the other hand, we have V(0( m \i(M)) — M. \I(M) = (Ai \ 
I(M)), for (M \ I(M)) C V(a) for each a G 0^ M \^ M )), hence (M \ 
I{M)) C V(0 {M \ I{M)) ). Now let P G V(0 (M \i(M))), P e D(a) for 
some a G R and D(a) n(M\ I(M)) = 0, then (M \ I(M)) C V(a), 
i.e, a G 0(m\i{M))i thus a G P, this is a contradiction. Therefore 
int(M \ I(M)) = int(V(O iM \A))) = 0, i.e, 7{M) = M. 

Conversely, we have int(V(0(M\A))) = int(M. \ I(M)) = 0, hence 
0(m\i(M)) is an essential ideal, i.e, every intersection of essential mini- 
mal prime ideals is an essential ideal. □ 

Theorem 3.1. Let R be a reduced ring. Every countable intersection 
of essential minimal prime ideals of R is an essential ideal if and only 
if every first category subset of Ai is nowhere dense in Ai . 

Proof. Let F n be a sequence of nowhere dense subset of M.. Then by 
Lemma O, for each n G N, Op n = {a G R : F n C V(a)} = f]peF n p > is 
an essential ideal. By hypothesis, E = Dn°=i Of„ = {a £ R : USi P™ — 
V(a)} is an essential ideal. On the other hand V(E) = c/([J^ 1 F n ) so 
we must have int(cl(\J^ =1 F n )) = 0, i.e, USi Fn is nowhere dense. 

Conversely, let (I n ) be a sequence of essential minimal prime ideals 
in R. Letting {/„} = F n , then int(F n ) = intV(I n ) = <fi, i.e, each 
F n is a nowhere subset of M.. Op n C J n implies that Oa Q f}™ = iln, 
where A = IJ^Li F n . Now we have V{Oa) = d(A), and since A is first 
category subset, then int(cl(A)) = <fi, i.e, Oa is an essential ideal. Thus 
H^Li In is a l so an essential ideal. □ 

Azarpanah has proved every intersection of essential ideals of C(X), 
i.e, the socle of C(X) is an essential ideal if and only if the set of 
isolated points of X is dense in X, [3, Corollary 2.3]. We see that this 
property is equivalent to the property: every intersection of essential 
minimal prime ideals of C(X) is an essential ideal. Before we need 
the following lemma which characterize the intersection of essential 
minimal prime ideals of C(X). 

Lemma 3.3. The intersection of essential minimal prime ideals of 
C(X) is equal to the 0^ X ^ T ^ X ' , where I(X) is the set of isolated points 
of a topological space X . 
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Proof. Let P be an essential minimal prime ideal, of C(X), then by 
[4, Corollary, 3.3], there is p G pX\I(X) such that O p C P so C>WW 
is contained in the intersection of essential minimal prime ideals. Now 
let / is an element of the intersection of essential minimal prime ideals 
and p G f3X \ I(X), then by, [4, Theorem, 3.1], O p is an essential 
ideal, which is the intersection of some essential minimal prime ideals, 
therefore / G O p . Hence the intersection of essential minimal prime 
ideals is contained in OWW. □ 

An ideal I of it! is called pure ideal, if for any / G I, there is a 
g G I such that f = fg (see [1]). The set of all points in a topological 
space X where have compact neighborhoods is denoted by X L . Easily 
seen that X L = coz(C K (X)). Since pX \ X C pX \ I(X), we have, 
C F (X) C OWW C Ca-(X), where CV(X) = 0^ x \ x , see [7, 7. F]. 
But in the following theorem we see that the intersection of essential 
minimal prime ideals in C(X) need not be equal to the socle of C(X) 
(respectively, Ck(X)). 

Theorem 3.2. (i). Every intersection of essential minimal prime 
ideals of C{X) is an essential ideal if and only if the set of isolated 
points of X is dense in X. 

(ii). The intersection of essential minimal prime ideals ofC(X) is 
equal with Cf{X) if and only if the set of isolated points of X (I(X)) 
is finite. 

(Hi). The intersection of essential minimal prime ideals of C(X) is 
equal with C K (X) if and only if I(X) = X L = \Jfec K (x) X \ Z U)> 
i.e, I(X) = X L and Ck(X) is a pure ideal. 

Proof, (i). By hypothesis, C>WW is an essential ideal. By [6, 
Lemma 1.6], R/eo^vw) dZ (f) = cl(px \ I(X)) = ((3X \ I(X)). 
Therefore H/eoo^vw) z (f) — X \ I(X), and hence by [4, Theorem, 
3.1], int(X \ I(X)) = intf] fe0( , XV(x)) Z(f) = 0, i.e, T(Xj = X. Con- 
versely, by [3, Corollary, 2.3], obvious. 

(ii). We know that C F (X) C 0^ 1{ - x \ Now let / G 0^ 1{x) and 
I(X) is finite, then we have X \ I(X) C intZ(f) so X \ Z(f) C I(X), 
i.e, / G C F (X). 

Conversely, suppose that I(X) is infinite. Then I(X) contains a 
countable subset S = {xi, x 2 , x n , ...}. By regularity of (3X, there 
exist an open subset U in (5X such that U C U C S, so there is 
/„ G C*(X) such that ft{x n ) = 1 and f£(p) = for any p G f3X \ U. 

Define / = ^T^- Then / e C{PX) so g — f\x G C*(X) and 

we have (pX \ I(X)) C (pX \ U), (pX \ U) n X C Z(^). Therefore by 
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[7, 7.12, (a)], geO p for all p G (3X \ U, hence g G O px \ u C o(WW). 
On the other hand X\Z(g) = {x\, X2, x n , ...}, therefore g ^ C7p(X), 
which is a contradiction. 

(m). Let C K {X) = OP x W x l Easily seen that /(X) C X L . Now let 
x G X/,, then there exist compact subset U in X such that x G intU, 
i.e, x ^ X \ mtf/. Completely regularity of X implies that there is 
/ G C{X) such that x G X \ C(/cF, hence x G X \ 

where / G C^(X). By hypothesis, X \ /(X) C Z(/) so x G /(X). 
Therefore /(X) = X L , hence C^(X) = = gW^ W), so 

by [1, Theorem, 3.2], X L = coz(CV(X)) = U /e CjfW * \ £(/)■ 

Conversely, we have J(X) = X L = U/ e cMX) X \ z (f)> hence b Y I 1 ' 
Theorem, 3.2], C K {X) = O^Wt&W) = ^\x £ = W(X)_ n 

By using the above theorem, we give examples of topological space 
X for which Ck{X) is equal to the intersection of essential minimal 
prime ideals. 

Example 3.1. (i). Let X be locally compact space. Then Ck{X) = 

is a discrete space. For if X is a locally 
compact, then Ck(X) is a pure ideal and Xl = X so if Ck{X) = 
qPX\i(x) ^ /(X) = X L = X, i.e, X is a discrete space. The 

converse is obvious. 

(ii). Let X = Q, i.e, rational number, with all points having their 
usual neighborhood except for x = is isolated point. Then Xi = 
J(X) = {0} and C K {X)={f G C(X) : f=0 except for x=0} is a pure 
ideal so C K {X) = . 

In the following, we see example of space X for which C#-(X) is not 
equal to the intersection of essential minimal prime ideals. 

Example 3.2. Let X = [—1, 1] with all point are isolated point expect 
for x = has usual neighborhood. Then Xi — X \ {0} = /(X) but 
C K {X) is not equal with O px \^ x \ for C K (X) is not a pure ideal, see 
[1, Example, 3.3]. 

By Theorem 13.11 and the above theorem, we have the following corol- 
lary. 

Corollary 3.1. The set of isolated points of X is dense in X if and 
only if the set of isolated points of m(C(X)) is dense in m(C(X)). 

By [3, Theorem, 2.4] and Proposition 13.11 we have the following 
corollary. 

Corollary 3.2. Let X be a compact space. Every first category subset 
of X is nowhere dense in X if and only if every first category subset 
of M{C{X)) is nowhere dense in M(C(X)). 
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Question 3.1. (i). If R = C{X), when R M = C K (X)? Note that 
in case X and M. are compact or nowhere compact, then Rk(M.) = 
C K (X). 

(ii). When is the intersection of sd-ideals in reduced ring R a sd- 
ideal? 

(Hi). When is the intersection of sd-ideals in C(X) a sd-ideal? 
(iv). When is Rk(M) equal with the intersection of all strongly 
fd-ideals? 
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